We investigate a model of stratified economic interactions between agents when the notion of spatial location is introduced. The agents are placed on a network with near-neighbor connections. Interactions between neighbors can occur only if the difference in their wealth is less than a threshold value that defines the width of the economic classes. By employing concepts from spatiotemporal dynamical systems, three types of patterns can be identified in the system as parameters are varied: laminar, intermittent and turbulent states. The transition from the laminar state to the turbulent state is characterized by the activity of the system, a quantity that measures the average exchange of wealth over long times. The degree of inequality in the wealth distribution for different parameter values is characterized by the Gini coefficient. High levels of activity are associated to low values of the Gini coefficient. It is found that the topological properties of the network have little effect on the activity of the system, but the Gini coefficient increases when the clustering coefficient of the network is increased.
I. INTRODUCTION
Social stratification refers to the classification of individuals into groups or classes based on shared socioeconomic or power conditions within a society [1] . A characteristic feature of stratified societies is that individuals tend to interact more strongly with others in their own group. This tendency has been observed in class endogamy [2] , scientific communities and citations [3] , population biology [4] , human capital [5] , opinion formation [6] , epidemic dynamics [7] , and economic exchanges between banks [8] . Recently, the effects of social stratification on the wealth distribution of a system of interacting economic agents have been studied [9] . In this model, agents behave as particles in a gas and they can interact with each other at random, as in most models that have been proposed for economic exchange [10] [11] [12] . However, many real social and economic systems can be described as complex networks, such as smallworld networks and scale-free networks [13] [14] [15] . Some models have considered economic dynamics on networks; for example, Refs. [16] and [17] studied the effects of the network topology on wealth distributions; while Ref. [18] proposed a model of closed market on a fixed network with free flow of goods and money.
In this paper, we study the effects of the topology of a network on the collective behavior of a system subject to stratified economic exchanges. Our model, based on the interaction dynamics in a stratified society proposed by Laguna et al. [9] , is presented in Sec. 2. The inclusion of a spatial support allows to employ concepts from the dynamics of spatiotemporal systems in economic systems. Our results indicate that the size of the local neighborhood plays an important role for achieving an equitable distribution of wealth in systems possessing stratified economic exchange. Conclusions are presented in Sec. 3.
II. THE MODEL
We consider a network defined by following the algorithm of construction of small-world networks originally proposed by Watts and Strogatz [13] . We start from a regular ring with N nodes, where each node is connected to its k nearest neighbors, k being an even number. Then, each connection is rewired at random with probability p to any other node in the network. After the rewiring process, the number of elements coupled to each nodewhich we call neighbors of that node -may vary, but the total number of links in the network is constant and equal to N k/2. The condition log N ≤ k ≤ N is employed to ensure that no node is isolated after the rewiring process, which results in a connected graph. For p = 0, the network corresponds to a regular ring, while for p = 1 the resulting network is completely random. With this algorithm, a small-world network is formed for values of the probability in the intermediate range [13] . A small-world network is characterized by a high degree of clustering, as in a regular lattice, and a small characteristic path length compared to the size of the system.
We consider a population of N interacting agents placed at the nodes of this network. At a discrete time t, an agent i (i = 1, . . . , N ), is characterized by a wealth w i (t) ≥ 0 and a fixed risk aversion factor β i , where the values β i are randomly and uniformly distributed in the interval [0, 1]. The quantity (1 − β i ) measures the fraction of wealth that agent i is willing to risk in an economic interaction [11, 19, 20] . The initial values w i (0) are uniformly distributed at random in the interval
We assume that the total wealth of the system, W T = i w t (i), is conserved.
For simplicity, we assume that the stratification of economic classes is uniform, i.e., all classes have the same width, denoted by a parameter u. Thus, agents i and j belong to the same economic class if they satisfy the condition |w i (t) − w j (t)| < u. Stratified economic exchange means that only agents belonging to the same economic class may interact. As a consequence of these interactions, the wealth of the agents in the system will change. At each time step t, the dynamics of the system is defined by iterating the following steps:
1. Choose an agent i at random.
2. Choose randomly an agent j = i from the set of neighbors of agent i, i.e., j
3. Check if they belong to the same economic class, i.e.,
Repeat steps (1) and (2) until condition (3) is achieved.
4. Compute the amount of wealth ∆w(t) to be exchanged between agents i and j, defined as
5. Calculate the probability r of favoring the agent that has less wealth between i and j at time t, defined as [9, 20] 
where the parameter f ∈ [0, 1/2].
6. Assign the quantity ∆w(t) with probability r to the agent having less wealth and with probability (1 − r) to the agent with greater wealth between i and j.
The parameter f describes the probability of favoring the poorer of the two agents when they interact. For f = 0 both agents have equal probability of receiving the amount ∆w(t) in the exchange, while for f = 1/2 the agent with less wealth has the highest probability of receiving this amount. In a typical simulation following these dynamical rules, and after a transient time, this dynamical network reaches a stationary state where the total wealth W T has been redistributed between the agents.
The spatial localization of the interacting economic agents allows to see this system as a spatiotemporal dynamical system. Figure 1 shows the spatiotemporal patterns of wealth arising in a network with k = 2 and p = 0, corresponding to a regular one-dimensional lattice with periodic boundary conditions, for different values of the parameters. In analogy to many nonlinear spatiotemporal dynamical systems [21] To characterize the transition from the laminar to the turbulent state, via spatiotemporal intermittency, we employ the average wealth exchange for long times, a quantity that we call the activity of the system and define as
where τ is a transient number of steps that are discarded before taking the average. The laminar phase is associated to values A = 0, where no transactions take place in the asymptotic state of system, while the turbulent phase is characterized by A > 0. In our calculations, we have fixed these values of parameters: size N = 10 4 , τ = 10 8 , T = 2 × 10 4 , and W = 1. Each value of the statistical quantities shown has been averaged over 100 realizations of initial conditions. Figure 2(a) shows the activity in the system as a function of the width of the economic classes u for different values of the parameter f . The transition from the laminar phase to the turbulent state occurs about the value u ≈ W = 1 in all cases. When the value of the width u reaches the value of the maximum initial wealth of the agents, exchanges may take place in every neighborhood, and this is reflected in the increase in the activity in the system. For u > W , interactions continue to occur in the entire system and the total wealth exchanged reaches the maximum amount allowed by the favoring parameter f . Thus, the activity in the system reaches an almost constant value in this region, for a given value of f . On the other hand, Figure 2(b) shows the activity in the system as function of f . The increment in f enhances the transfer of wealth from richer to poorer agents. Therefore, the probability that neighboring agents belong to the same economic class increases, and so does the probability that they exchange wealth. As a consequence, the activity in the system increases with increasing f . To explore the effects of the network topology on the collective properties of the system, we show in Figure 3 (a) the activity as a function of the size of the neighborhood k in the network, for different values of u. The range of the local interaction, given by k, has little effect on the activity. Similarly, Figure 3(b) shows the activity as a function of the rewiring probability in the network, for fixed k = 4. We see that the exchange activity in the system is practically unaffected by the topological properties of the network, represented by k and p. Thus, the parameters of the dynamics, f and u, are more relevant for the increase in the activity in the system than the topological parameters of the underlying network.
An important variable in economic dynamics is the Gini coefficient, a statistical quantity that measures the degree of inequality in the wealth distribution in a system, defined as [22] 
A perfectly equitable distribution of wealth at time t, where w i (t) = w j (t), ∀i, j, yields a value G(t) = 0. The other extreme, where one agent has the total wealth N i=1 w i (t), corresponds to a value G(t) = 1. The random, uniform distribution of wealth used as initial condition has G(0) ≈ 0, and the average initial wealth per agent is w i (0) = 0.5. Figure 4(a) shows the asymptotic, statistically stationary Gini coefficient as a function of the width of the social classes u, for different values of the parameter f . For small values of u, there is a small probability of interaction between neighbors, and therefore the initial random, uniform distribution of wealth with G ≈ 0 is maintained in the system, manifested in a low value of G. As u increases, the transfer of wealth between neighbors also increases, producing a redistribution of wealth reflected in the increase of the the Gini coefficient. A maximum of G occurs around u ≈ W = 1, when each agent can initially interact with his neighbors, and therefore a greater variation with respect to the initial uniform distribution of wealth occurs in the system. For larger values of u, all local interactions are allowed initially. In this regime, a redistribution of wealth should occur as the probability f of favoring the poorest agents is incremented. This can be seen in Figure 4 (a) as a decrease in the values of G, for u > W , as f increases. Figure 4(b) shows the Gini coefficient as a function of the probability f , for different sizes of the neighborhood k. The values of G are almost constant for small values of f , but they decrease for larger values of f . In order to study the influence of the topology of the network on the distribution of wealth, Figure 5 (a) displays G as a function of k, on a regular lattice with p = 0, for different values of u. Increasing the number of neighbors k contributes to an increase in the inequality of the wealth distribution, as measured by G. Note that G tends to an asymptotic, large value as k → N − 1, corresponding to a fully connected network, i. e., any agent can interact with each other in the system, losing the notion of spatial location. This corresponds to the most commonly studied situations in models of economic exchange [9] .
Increasing the spatial range of the interactions, represented by k, implies both an increment in the clustering coefficient and a decrease in the characteristic path length of the network. To see which of these two topological properties of the network is more relevant for the variation of the Gini coefficient observed in Figure 5 (a), we plot in Figure 5 (b) G as a function of the rewiring probability p, for different values of the parameter f . Note that there is little change in the values of G as p increases, in comparison to the larger variation experienced by G when k is augmented in Figure 5(a) . The characteristic path length in the network decreases in both cases, but the clustering coefficient does not increases on the range of values of p shown in Figure 5 (b) [13] . Thus, the increment in the Gini coefficient observed in Figure 5 (a) can be mainly attributed to the increase in the clustering coefficient of the network when k is varied. In other words, the size of the neighborhood is more relevant for the occurrence of an equitable distribution of wealth than the presence of long range connections in a system subject to a stratified economic exchange.
III. CONCLUSIONS
The inclusion of a network or a spatial location for interacting economic agents allows the use of concepts from spatiotemporal dynamical systems in economic models. We have considered a model of stratified economic exchange defined on a network and have shown that different spatiotemporal patterns can occur as the parameters of the system are varied. We have characterized these patterns as laminar, intermittent and turbulent, employing analogies from spatiotemporal dynamical systems. We have characterized the transition from a laminar state to a turbulent state through the activity of the system, that measures the average wealth exchanged in the asymptotic regime of the system. This quantity depends mainly on the dynamical parameters u and f . Similarly, the Gini coefficient, that characterizes the inequality in the distribution of wealth, depends on the parameters u and f . For large values of u, increasing f increases the activity but decreases the Gini coefficient. Thus, high levels of economic exchange activity are associated to low values of the Gini coefficient, i.e., to more equitable distributions of wealth in the system.
The topology of the underlying network has little effect on the activity of the system A. In contrast, the Gini coefficient G increases when the range of the interactions, represented by k, is increased. We have shown that the relevant topological property of the network that influences the behavior of G, is the clustering coefficient, instead of the characteristic path length of the network. Figure 5 shows that a reduction of the Gini coefficient in a system subject to a dynamics of stratified economic exchange may be achieved by reducing the size of the neighborhood of the interacting agents.
Our results add support to the view of local interactions as a relevant ingredient that can have important consequences in the collective behavior of economic models.
